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Abstract—In this paper, a simplified form of electric field
integral equation with Caldero´n multiplicative preconditioner
(CMP-EFIE) is presented for solving capacitive problems in the
low-frequency regime. The decomposed three-term CMP-EFIE,
though very stable, cannot capture the current accurately for
a capacitor at low frequencies. By omitting the part of the
hypersingular preconditioned term, the electric currents solved
from the remaining two terms are of the right frequency order
for a capacitor. Hence, the resultant two-term formulation can
guarantee the accuracy of results for capacitive problems, and
also makes the iterative system more stable at low frequencies.
Both theoretical analysis and numerical results are provided to
verify the practicality of the proposed method.
I. INTRODUCTION
Low frequency electromagnetic analysis has received in-
tense attention because of its importance in the modeling and
simulation of on-chip interconnects and circuits with compact
sizes and fine structures. Formulated with an integral kernel
of dyadic Green’s function and integration over the surface,
surface integral equations (SIEs) are one of the most important
methods in solving the electromagnetic radiation and scat-
tering problems [1]. Among them, the electric field integral
equation (EFIE) is one of the most widely used formulations.
However, EFIE will breakdown at low frequencies when the
Rao-Wilton-Glisson (RWG) basis function is used. One of the
most popular remedies is loop-tree/loop-star decomposition
[2–4] by which the contribution of the vector potential is
separated from that of the scalar potential. Similar effect can
also be achieved by using the augmented EFIE (A-EFIE)
method [5], in which the charge is included as extra unknowns
and the current continuity condition is employed. Another
remedy is the Caldero´n preconditioned EFIE method [6–8]. By
applying the Caldero´n multiplicative preconditioner (CMP),
which is based on the self-regularizing property of the EFIE
operator and Caldero´n identities, the original EFIE becomes
a well-conditioned second kind integral equation [9]. The de-
composed three-term CMP-EFIE, in which the hypersingular
term ThTh is manually removed [10], can remain stable at low
frequencies. However the remaining system still has a low-
frequency inaccuracy problem for both plane wave scattering
problem and circuit capacitive problem. Thus, the perturbation
method is proposed for CMP-EFIE, where the accuracy of the
currents can be guaranteed [11, 12].
In this paper, a simplified form of the decomposed CMP-
EFIE formulation is presented when dealing with low-
frequency capacitive problems. By omitting the hypersingular
preconditioned part, the resultant simplified system is still
unconditionally stable and can calculate the current of a
capacitor at arbitrarily low frequencies accurately. Numerical
results show that the proposed formulation can converge faster.
II. BACKGROUNDS
The EFIE operator can be written as the mixed combination
of the vector potential and the scalar potential, which can also
be phrased as the smooth term Ts and hypersingular term Th
T (J) = Ts(J) + Th(J) (1)
Ts(J) = i!n^r 
Z
 
g(r; r0)J(r0)dr0 (2)
Th(J) =   1
i!
n^r r
Z
 
g(r; r0)r0  J(r0)dr0 (3)
where g denotes the free-space Green’s function,  and  are
the relative permeability and permittivity respectively, and J is
the unknown surface current. By applying the Caldero´n pre-
conditioner, which implies the EFIE operator “preconditions”
itself, the CMP-EFIE can be formulated as
(Ts + Th)  (Ts + Th)J = (Ts + Th)  b (4)
where b is the excitation vector. Notice that (4) can be written
as a combination of two constraints, the smooth preconditioned
term
Ts  (Ts + Th)(J) = Ts  b (5)
and the hypersingular preconditioned term
Th  (Ts + Th)(J) = Th  b: (6)
In the following section, it is shown that (6) should be
trivial in describing the capacitive problems, which yields a
simplified form of the decomposed CMP-EFIE formulation at
low frequencies.
III. SIMPLIFIED FORM OF CMP-EFIE WITH CAPACITIVE
PROBLEM
At low frequencies, the hypersingular term dominates over
the smooth term. When dealing with capacitive problems,
the solenoidal currents along the surfaces are trivial due to
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the existence of capacitively open-circuited gap. Fig.1 shows
the first two dominant current vectors using singular value
decomposition (SVD) for a parallel-plate capacitor with a
physical size of 4mm5mm0:4mm. Obviously, the current
distribution of two dominant modes solved for a capacitor is
irrotational. Considering that Ts maps the irrotational subspace
to the solenoidal one [8]. Thus the term ThTs should be
very small due to the divergence operator in Th. Combining
with analytical consideration that ThTh = 0, (6) should
be not important in describing the capacitive problems. The
new simplified system modeled by (5) remains stable at low
frequencies with the better convergence shown in Fig.2. And
the solved capacitance matches well with the solution obtained
in [12], guaranteeing the accuracy of the current result.
(a) (b)
Fig. 1. Current distribution of the first two dominant modes by SVD; freq:
10 11Hz
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Fig. 2. Number of iterations for the three-term CMP-EFIE and the simplified
two-term CMP-EFIE; freq: 10 11Hz.
IV. CONCLUSION
In this work, we have proposed the simplified form of CMP-
EFIE for low-frequency capacitive problem. The hypersingular
preconditioned term has been shown to be removable from the
decomposed three-term CMP-EFIE formulation. Numerical re-
sults have shown that the remaining two-terms can capture the
electric currents accurately, while the resultant iterative system
is well-conditioned and still very stable at low frequencies.
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